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Abstract—This paper is a tutorial on Grobner bases and a survey
on the applications of Grobner bases in the broad field of signals
and systems. A reasonably detailed review is given of several fun-
damental theoretical issues that occur in the use of Grobner bases
in multidimensional signals and systems applications. These topics
include the primeness of multivariate polynomial matrices, multi-
variate unimodular polynomial matrix completion, and prime fac-
torization of multivariate polynomial matrices. A brief review is
also presented on the wide-ranging applications of Grobner bases
in multidimensional as well as one-dimensional circuits, networks,
control, coding, signals, and systems and other related areas like
robotics and applied mechanics. The impact and scope of Grobner
bases in signals and systems are highlighted with respect to what
has already been accomplished as a stepping stone to expanding
future research.

Index Terms—Circuits and systems, Grobner bases, matrix
factorization, multidimensional systems, multivariate polynomial,
signal processing.

I. INTRODUCTION

HE algorithmic algebra of Grobner bases was developed

by Buchberger in the 1960s and further enriched with
contributions from him and many other researchers (see, e.g.,
[15]-[19], [55], and the references therein). Grobner bases
theory and its predecessors (like standard bases of Hironaka
[50]) provide a rich theoretical framework in algebraic ge-
ometry and commutative algebra, particularly polynomial
ideal theory. The algorithmic algebra of Grobner bases has
wide-ranging applications in theoretical physics, applied sci-
ence, and engineering. The main reason for the success of
Grobner bases is that many problems in mathematics, science,
and engineering can be represented by multivariate polynomials
(e.g., ideals, modules, and matrices), where Grobner bases play
a role similar to the role of Euclidean Division Algorithm in
the Euclidean ring of univariate polynomials. In 2001, a special
issue on the applications of Grobner bases to multidimensional
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systems and signal processing, published in Multidimensional
Systems and Signal Processing, was guest-edited by two of the
authors to emphasize the useful role of Grobner bases to re-
searchers in the area of multidimensional (n-D) systems theory
and signal processing [65]. A special issue on multidimensional
signals and systems, published in this journal [5], substantiated
the increasing scope of the subject-matter. The present paper
intends to respond to the accelerated need of Grobner bases to
these momentous developments and to attract new researchers
with new applications that may prove to be a fertile ground
for implementing the developments in algorithmic polynomial
ideal theory.

Previously, symbolic algebra (coupled with numerical al-
gebra), which is indispensable in the formulation and solving of
many problems in circuits, systems, and signal processing, was
implemented using software like REDUCE (Stanford Univer-
sity) and SAC (University of Wisconsin) [9]. Alternate software
for the purpose like MACSYMA (M. I. T.), MAPLE (Uni-
versity of Waterloo), MATHEMATICA (Wolfram Research),
and SCRATCHPAD (IBM) also existed. Algorithms developed
to test for properties like stability of continuous and discrete
dynamic systems and multivariate polynomial positivity were
based either on the algebraic theory of resultants-subresul-
tants (inners, bigradients) [9] and Bezoutiants [12]. With the
development and gradual popularization of the algorithmic
theory of Grobner bases, not only did theoretical machineries
require perusal of polynomial ideal and module theory but also
implementation issues required the development of software
like SINGULAR [116], COCOA [30], and MACAULAY [74].
Currently, these tools are finding wide-ranging applications of
interest to readers of this journal with the promise of many
more to come.

With the above background, the objective of this paper is
threefold. First, we give a tutorial on Grobner bases. Although
many books and several tutorial papers on Grobner bases are
available in the literature, their targeted readers are mainly
mathematicians or computer scientists rather than practicing
electrical engineers in circuits, signals, and systems, who
comprise the main targeted readers of this journal. In fact,
although Grobner bases have been widely applied in many
areas of circuits, control, signals, and systems, there has not
been any tutorial paper on this very important tool in this
Transactions. Furthermore, we have found that there is no
coverage on Grobner bases at all in popular advanced engi-
neering mathematics books which have been widely taught
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to engineering students and used by engineers [2], [8], [56],
[90]. The second objective is to give a reasonably detailed
review of the applications of Grobner bases in several topics
related to multivariate (n-D)! polynomial matrix factorizations,
which are fundamental to any n-D circuits, control, signals,
and systems. The main reason for focusing on these topics is
that n-D polynomial matrix factorization is one of the areas
where the applications of Grobner bases have helped to make
a major breakthrough. Moreover, despite significant progress
in this important area in recent years, there has been no review
paper except for a book chapter published by one of the authors
in 2003 [12]. The third objective is to document and analyze,
albeit briefly because of space constraints, the more recent
key papers (with attention to references therein of associated
previous publications) on the applications of Grobner bases to
the diverse areas of circuits, control, signals, and systems, ex-
tending also to topics like algebraic coding theory and robotics,
where electrical engineers have also played very important
roles. To the best of our knowledge, we are unaware of any
previous paper with a compilation of so many recent results on
the applications of Grobner bases in circuits, control, signals,
and systems, and we believe this could make it a valuable
reference for electrical engineers to continue and expand on
research in this topical field.

The organization of this paper is as follows. In Section II, a
brief tutorial on Grobner bases is given to facilitate reading and
comprehension of subsequent material and to introduce Grobner
bases to the reader as a powerful tool for relevant future appli-
cations. For more than a working knowledge of the subject, the
serious reader is advised to consult any of the readable texts
and expositions [1], [6], [12], [18], [19], [31], [33], [44], [114],
[122], [129]. Another readable text that links Grobner bases to
related techniques involving resultant-subresultants and semi-
algebraic geometry is [77]. Section III contains a reasonably de-
tailed review of several fundamental theoretical issues that occur
in the use of Grobner bases in n-D signals and systems. These
topics include the primeness of n-D polynomial matrices, n-D
unimodular polynomial matrix completion, and prime factoriza-
tion of n-D polynomial matrices. This section contains some im-
portant recent theoretical results, with links to past seminal re-
sults. Section IV is devoted to a brief review of the applications
of Grobner bases to several other important areas of n-D signals
and systems, which over the last three decades have matured into
a subject matter with wide-ranging applications. Section V con-
tains a summary of important one-dimensional (1-D) special-
izations, realizing that a significant number of readers are likely
to be interested in at least a subset of such areas. Section VI
is devoted to concluding remarks that highlight what could be
achieved in the future in the context of developments presented
in the earlier sections.

II. TUTORIAL ON GROBNER BASES

Here, a brief tutorial on Grobner bases is presented focusing
on the most fundamental concepts, properties and computations.

IWith a slight abuse of notation, we also use the term “n-D” to abbreviate
“multivariate” or “n-variate.” This usage is common among researchers in n-D
signals and systems [10], [39].

We first require some notation and basic definitions that will also
be used throughout the paper.

Let K be an arbitrary but fixed field, R = Klz] =
K|z1,...,2,] be the polynomial ring in variables z1,...,z,
over K, and R&*™ represents the class of £ X m matrices with
entries in R. We also write R1*" as R™, which represents the
class of row vectors over R with m components. Note that the
argument [z] is sometimes omitted to save space.

Definition 1: Let f1,...,fm € Klz] and F = {fi|i =
1,...,m}. The ideal generated by F' is defined as

Ideal(F) = {Z hifilh; € Kz],i = 1,...,m} .
i=1

Definition 2: A module over the ring R, also called the
R-module, is a commutative (Abelian) group M, usually
written additively, together with a map (r,m) — rm from
R x M to M satisfying the following conditions:

1) r(m1 + mso) = rmy + rma;

2) (ry 4+ ro)m = rym + rom;

3) (rire)m = r1(ram);

4) Im = m.

Definition 3: A free R-module is a module that is isomorphic
to a direct sum of copies of R.

Definition 4: A submodule of an R-module M is a subset of
M which is an R-module in its own right.

A typical example of a submodule is the submodule generated
by a finite number of row vectors defined in the following.

Definition 5: Let fy,....f,, € K'[z] and F = {f,|i =
1,...,m}. The submodule generated by F' is defined as

More notation and definitions will be introduced subse-
quently when they are required.

A. Why Grobner Bases?

Many engineering applications require solving the following
system of n-D polynomial equations, called polynomial system
in short [107]:

fi(z) =05+ fin(2) = 0 )
where f;(z) € Clz],i = 1,...,m, are n-D polynomials in
z1,- .., %n. Note that the coefficient field of complex numbers,

denoted by C, is assumed in this subsection for convenience
of exposition, but the results are applicable to other alge-
braically closed coefficient fields. In the 1-D case (n = 1),
the above polynomial system can be easily solved by uti-
lizing the Euclidean Division Algorithm to find the greatest
common divisor (g.c.d.) d(z1) of fi(z1),-.., fm(z1), that is,
fi(z1) = 0,..., fm(21) = 0 has a solution at z; = 219 € C
if and only if (iff) (21 — z19) is a divisor of d(z1). In the
n-D case (n > 1), the situation becomes much more compli-
cated. Polynomial system (1) may still have a solution even if
fi(z),..., fm(z) do not have any nontrivial common divisor.
Although polynomial systems occur in applications in almost
all branches of engineering, as evident from the subsequent
sections, in the engineering mathematics literature (e.g., [2]
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and [8]), they are often treated just as systems of nonlinear
equations and numerical methods such as Newton’s method
are commonly adopted by practicing engineers. However, as
pointed out in [73], “due to rounding errors, these numer-
ical methods are unstable in unpredictable ways and usually
do not find all solutions and frequently have problems with
overdetermined systems.” Moreover, numerical methods have
the drawback of having to provide good initial solutions and
are not applicable when parameterized solutions are desired.
For polynomial systems with few indeterminates and of low
polynomial degrees, the simple variable substitution method
is commonly adopted by practicing engineers [2, p. 331]. The
resultant-based method is a more general approach for solving
polynomial systems and, in principle, is capable of enumer-
ating all of the solutions, real or complex, when the considered
polynomial system has a finite number of solutions [77]. A
brief outline of this resultant-based method is given below. For
clarity of presentation, here we only consider the polynomial
system (1) specialized to the following 2-D case and refer the
reader to [77] for the general case:

fi(z1,22) =05 fa(21,22) =0 2
where f1(z1,22) and fa(z1, 22) are assumed to be coprime (a
common divisor, if present, can always be extracted first [9]).
Express f1(z1,22) and f2(z1, 22) as 1-D polynomials with z5
as the main variable to yield

4
fi(z1,20) = Y ai(1)7

folz1,22) =) bi(21)7h (3)

-
I

where a¢(z1) #Z 0 and bg(z1) # 0. The resultant r1(z;) is the
determinant of the Sylvester-type matrix given by [9], [77]:

’ag(zl) ag(zl) T
k rows
_ a¢(21) ao(21)
7"1(21)—det bk(zl) b;(zl) 0
- £ rows
L bk(zl) bo(zl) n

The resultant r2(22) can be similarly defined and obtained by
taking z; as the main variable.

The assumption of coprimeness of f1(z1,22) and fa(z1, 22)
ensures that r1(z1) Z 0, r2(22) Z 0. It is well known [77]
that common zeros of f1(z1,22) and f2(21, 22) can only come
from the zeros of 71 (z1) and r2(22). It is then possible to obtain
within arbitrary accuracy the finite set of pairs comprised of all
possible combinations of zeros—one of 71(z1) and the other
of 79(z2). However, candidate solutions to (2) obtained in this
way are not necessarily the valid solutions due to the existence
of spurious solutions by the resultant-based method. Hence, it
is necessary to substitute each such pair to check whether or
not it is a point on f(z1,22) = 0, f1(21, 22) = 0, by polyno-
mial evaluation. There are expedient and algorithmic ways to

improve the checking of candidate solutions. The following il-
lustrative example is taken and modified from [19].

Example 1: Find all solutions of the following polynomial
system, where the two polynomials have been tested for co-
primeness:

fl(Zl,Zg) =-3 + 22}122 + Z%Zg =0
fa(z1,22) = 27 + 2125 = 0. 4)

The above polynomial system is rewritten as

fl(Zl,ZQ) = (Z% + 221) z9 — 3=0

fa(z1,20) = 2122 + 029 + 22 = 0. 5)
The resultant r1(z1) is the determinant of the Sylvester-type
matrix
22+ 22 -3 0 9 rows
7”1(21) = det 0 Z% + 221 -3
z1 0 22 } row

whose roots are the zeros of the univariate polynomial
ri(z1) = z1fo(21) = 21 (9—1—42%—}—42%4—,2{’) =0. (6)

Similarly, we can obtain 73(22) = —323 + 623 + 9, which has
five zeros. Although z; = 0is a solution to (6), itis not a feasible
solution to (4) for any value of zo since f1(0,22) = —3 # 0.
Other candidate solutions to (4) consist of all of the possible
combinations of pairing the five zeros of fy(z1) with the five
zeros of r2(z2), which is a total of 25 candidate solutions. In-
stead of polynomial evaluation at each candidate solution, the
remaining feasible solutions can be obtained more directly. Sup-
pose that z; = z1¢ is a solution to fo(z1) = 0. Substitute this
value into both f1(z1,22) and f2(z1,22) and then extract the
g.c.d. of the resulting univariate polynomials f(z19, 22) and
f2(z10, 22). Each z9-zero of this g.c.d. in conjunction with z1
is a common zero of the original two polynomials. Subresultant
theory can take care of multiple zeros, if present, as well. To
save space, the detailed calculations are omitted.

To solve polynomial systems satisfactorily with parameteri-
zation of some coefficients (symbolically) when desired, a more
effective approach is required. Grobner bases are capable of
finding exactly all of the solutions to a polynomial system and
possess many other nice properties, as will be discussed next.

B. Grobner Bases of Polynomial Ideals

To define Grobner bases, we need to introduce an admissible
term order < for power products or monomials over K [z] [19],
[68]. Note that monomial and power product are used inter-
changeably for elements in a ring like K'[z]. However, a mono-
mial (vector) replaces the notion of power product in a module
of column vectors of same size each with coordinates in K [z] [1,
p-141]). Two commonly used term orders are the lexicographic
order and the total degree lexicographic order. Without loss of
generality, assume that the variables are ordered so that z; has
the lowest order (ranking) leading up to z,, that has the highest
order. Then, for the 2-D case, the lexicographic order is given
byl <p z1 <t Z% <t o <7 2o <1 2122 <T Z%Zg <7 -
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and the total degree lexicographic orderis givenby 1 <7 z; <r
2o <17 27 <1 2122 <7 25 <1 2} <1 -**

The following notations are defined with respect to (w.r.t.) a
chosen term order <7:

cf(f,t) coefficient of power product ¢ in f € K|[z];

lpp(f)  leading power product, i.e., the maximal power
product with non-zero coefficient in f € K|z]
w.r.t. <r;

lef(f) leading coefficient, i.e., the coefficient of the

Ipp(f).

Let f,g,h € K[z], g # 0. Then, h is called a reduction of f
w.r.t. g, denoted by f —, h, iff there exist b € K and a power
product u such that ¢f(f,u - Ipp(g)) # 0 and

h=f-bu-g @)

where b = cf(f,u - 1pp(g))/lct(g). Let ' C K|[z]. Then, h is
called a reduction of f modulo F, denoted by f — r h, iff there
exists some g € F' such that f —, h [17], [19].

h € K|z] is called in normal form (or in reduced form, or a
remainder) modulo F = {fy,---, f,,} iff thereisno b’ € K|z]
such that h — g h’. Further, h is called a normal form of f €
K [z] modulo F iff there is a sequence of reductions

f=ko—=rki—=rky—p---—=pks=h (8)
and A is in normal form modulo F'. Moreover, let NF be an
algorithmic function that, for each F and f, produces an h that
is a normal form of f modulo F,i.e., NF(F, f) = h.

As aresult of the above reduction sequence, h can be finally
expressed in the form

h=f=> cfi ©)
i=1
where ¢; € K|z], i = 1,...,m, are called the cofactors in the

representation of i from f modulo F' [17], [19].

Example 2: Let f = 32320+22122 42322 and F = { f1, f2},
fi =3+ 21+ 2120 + 23, fo = 42120 + 2123 with the total de-
gree lexicographic order. It is easy to see that cf(f, 2725) =
3, cf(f,z123) = 2, cf(f,2723) = 1, and Ipp(f) = 2§23,
lef(f) = 1 due to 2329 <7 2123 <7 2323. Similarly, we have
that Ipp(f1) = 27, Ipp(f2) = 2123, lcf(f1) = lef(fo) = 1.

Then, we have the sequence of reductions

f=nki—=pke—ph (10)
where
ki =f—22f1 = =322 432229 + 2122 — 2123
k‘z = k‘l + 22f2 = —32% + 32%2’2 + 521,2%

h = k‘z - 5f2 = —202’12}2 - 32’% + 32%22

Since no further reduction of A modulo F' is possible,
NF(F, f) = h. Substituting k; and k, into h yields

h=f—-cifi—caf (11

where ¢; = z% and co = 5 — 29 are the associated cofactors.

For a different sequence of reductions, another normal form
of f modulo Fis b/ = f + dzyf1 — (6 + 22)fy = 1225 —
20z129 + 3z%22.

This example shows that the normal forms for arbitrarily
given f and F' are not unique in general, which is substantially
different from the 1-D case [19], [31]. It is desirable to have
a set G of n-D polynomials such that Ideal(G) = Ideal(F)
and NF(G, f) can be uniquely determined. Such a G is just the
Grobner basis introduced by Buchberger [15]-[17], [19].

Definition 6: [17], [19] A subset G of KJz] is called a
Grobner basis of Ideal(G) (w.r.t. the term order chosen) iff any
f € K|z] has a unique normal form modulo G or, equivalently,
for any f € Ideal(G), NF(G, f) = 0.

In addition, G is called a reduced Grbner basis iff any g €
G is monic, i.e., lef(g) = 1, and is in normal form modulo
(G —{g}).

Buchberger’s algorithm for construction of Grobner basis ter-
minates in a finite number of steps. Example 3 below illustrates
the implementation of the algorithm, and its reading will be fa-
cilitated by arguments justifying its termination. Basically, each
time a new polynomial is added to a specified set of polyno-
mials, whose Grobner basis G is under construction, it is in
normal form with respect to the existing polynomials in G. A se-
quence of leading power products (alternately called head term)
of each polynomial is obtained with the property that, except
for the first few leading power products belonging to the ini-
tial polynomials, the succeeding term of the sequence is not a
multiple of the previous terms. Buchberger showed that such a
sequence (M-sequence) is finite [16]. In fact, this finiteness con-
dition is quite easy to prove by induction.

To verify whether a given set ' C K|[z] is a Grobner basis
and, in the case that F' is not a Grobner basis, to transform F'
into a Grobner basis G with Ideal(G) = Ideal(F'), we need the
important concept of S-polynomial [15]-[17], [19].

The S-polynomial corresponding to fi, fo € K|z], denoted
by Sp(fi1, f2), is defined by

Sp(f1, fa) = ur - fr — 1E)

lef(f2)

where u; and wp are monomials such that lem(lpp(fi1),

lpp(f2)) = w1 - lpp(f1) = w2 - Ipp(f2), where lcm stands for
the least common multiple.

Theorem 1: [17] A finite subset G = {g1,...,9s} of K[z]
is a Grobner basis iff, for all g;, g; € G, 1 < i < j < s,
NF(G, Sp(gi, g4)) = 0.

Example 3: Consider F' = {f1, fo} given in Example 2. It is
ready to have

Sp(fi. fo) =231 = 2 fa
=323 + 2125 — 4232 + 2123
NF (F,Sp(f1. f2)) =5p(f1, f2) + 422f1 — (22 + 1) f2
=122 + 323
#0.

By Theorem 1, F' is not a Grobner basis, but it can be trans-
formed into a Grobner basis as follows (see, e.g., [17] and

[19]). Adding (the monic version of NF(F, Sp(f1, f2)))fs 2

“uz - f2 12)
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Azy + 23 to F, we get a new set F1 = {f1, fo, f3} with
NF(F17 Sp(f17 fz)) = 0.

It is trivial to see that fo = z1fs, i.e., f> can be reduced
to zero w.r.t. f3, and thus we can remove f2 from Fj to get

G2 {f1, f3}- It can now be verified that

Sp(f1, f3) =23 fi—21 f3
=325 42125 — 42} 20+ 2125
NF (G1,Sp(f1, f3))=Sp(f1, f3) +4z2f1—(3+21+2122) f3
=0.

Therefore, we have obtained the Grobner basis G = {f1, f3}
with Ideal(G) = Ideal(F).

The uniqueness property of normal form entails many impor-
tant properties of Grobner bases which play a crucial role in
obtaining algorithmic solutions to numerous fundamental alge-
braic problems (see, e.g., [17]-[19]). One of the most important
properties of Grobner bases is the so-called elimination property
w.r.t. the lexicographic ordering, which provides a systemat-
ical method for solving polynomial system (1) completely. This
property is stated in the following theorem.

Theorem 2: [17], [68], [119] Let G be a Grobner basis w.r.t.
the lexicographic order of power products. Assume without loss
of generality that z; <p --- <r 2,. Then

Ideal(G) N K|[z1,...,2;] = Ideal (G N K|z, ...,2]),
i=1,....n (13)

where the ideal on the right-hand side is formed in
K[Zl, ce 7Zi].

This result means that the ith elimination ideal of G is
generated by just those polynomials in G that depend only
on the variables z1, ..., z;. Next, consider how the preceding
theorem applies to the solving of polynomial system (1). For
simplicity, assume that there are only a finite number of solu-
tions to (1), i.e., the ideal generated by F' = {f1,..., fin} is
zero-dimensional. (For the case where the number of solutions
is infinite, see, e.g., [19] and [66].) By Theorem 2, the Grobner
basis of F' with respect to the lexicographic term ordering
z1 <7 ... <t zp will have the form G = {g1(21), g21(21, 22),

R g?iz(zh 22>7 931(217 22, Z3>7 L) g3i3(zl7 22, Z3>7

v On1 (21,3 Zn)y ooy Gniy, (21, -2y 2n)}, Where o, ... i,
are certain integers. Therefore, by the elimination property,
the solutions to the polynomial system (1) can be obtained
by solving, recursively, the triangular system of equations
g1(z1) = 0,921(21,22) = 0,...,9ni,(21,...,2,) = Obya
sequence of forward substitutions followed by root-finding of
the corresponding univariate polynomial. Note that there is no
guarantee for exactly one polynomial involving the variables
21, ..., %; representing the +th elimination ideal (see, e.g., [13,
Example 2.5], ). Unlike the resultant-based method discussed
earlier, the fact that G is a Grobner basis guarantees that any
solution, say z; = z19, obtained from g1(z1) = 0 is also part
of the solution to the original polynomial system (1). Similarly,
any solution, say z; = 210, 22 = 299, obtained further from
921(210722) =
solution to the original polynomial system (1) and so on. In this

way, all of the solutions to polynomial system (1) are obtained
without further checking the validity of each solution.

Now return to Example 1. The Grobner basis for the ideal
generated by f1(z1,22) and fa(z1, 22) consists of the polyno-
mials [19]

g1(z1) =9+ 423 + 421 + 2°
1

3 (14)

2
g2(21,22) = —Z% + Z% + 29.

3
Note that g1(z1) is identical to fo(z1) in (6) and the spurious
solution of z; = 0 does not exist here. Since g2(z1, 22) is linear
in 29, for any solution z1¢ to g1(21) = 0, g2(z10,22) = 0 will
produce one and only one solution (z10, z20), which is also a
solution to the original polynomial system (4). There is no need
for checking the validity of (219, 220) here since any solution
obtained by setting g1 (1) = 0 and g2(21, 22) = 01is guaranteed
to be a solution to (4).
We next move on to the tutorial on Grobner bases of mod-
ules over a polynomial ring, which is a natural generalization of
Grobner bases of polynomial ideals.

C. Grobner Bases of Modules Over a Polynomial Ring

In many engineering problems, particularly those in n-D sig-
nals and systems, it is also often required to solve the system of
homogeneous linear equations with polynomial coefficients

wifr 4t amfn =0, 5)
or, more generally, the inhomogeneous one
vifr+ -+ amfn = fo (16)

where f,, f, € K"[z] are given and z; € K|[z] are to be found,
1 =1,....,m.

A vector £ = [z1---z,,] € K™[z] whose entries satisfy
(15) is called a syzygy of {f,..., f,,} or F 2 [fr.. ffl]T
(Note that, for convenience of description, some definitions and
notations will be used for vectors of polynomials or polyno-
mial tuples if they have been introduced for the set of all entries
of the vectors.) The set of all such syzygies constitutes a sub-
module of K™ [z], called the syzygy module of F' and denoted
by Syz(fi, ..., fn) or Syz(F). To describe all syzygies of F,
it is desirable to have a basis hi,...,hs € K™[z] of Syz(F)
that satisfies the conditions [1]: h;F" = 0, j = 1,...,s and,
for any w € Syz(F'), there exist vy,...,vs € K|z] such that
w = Zj‘:l ’Ujh]'.

To solve the inhomogeneous equation (16), it suffices to find
a particular solution of (16) which is related to the submodule
membership problem and to construct a basis for Syz(F').

These problems can be effectively solved by applying
Grobner bases of modules over K [z], which is briefly reviewed
below [42], [135].

To define an admissible order on the r-tuples of power prod-
ucts, we only need to define an admissible order on a subset P
of r-tuples of power products which consists of the tuples with
only one nonzero component [42], [79], i.e.,

p2 {(07...7%1 coegin

n
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A partial order <,; on P is defined by

(Vpy, 05 € P) [Py <m Dy &
((3g # 1, ¢ power product)p, = ¢ - p;)]-

An admissible order <,;(r) on P is defined to be a total order
that satisfies the following properties [123]:
D (Vpy,p, € P)lpy <ar P2 = Py <ar(r) Poli
2) (Vpy,p; € P)[py <ar(r) P2= ((Vg, ¢ power product)q
P <um(r) ¢ P2)l-

Let <p be an admissible order on the power products
of K|[z], for example, the lexicographic order or the total
degree lexicographic order. Let p = (0,...,p;,...,0) and
q=(0,...,q5,...,0) € P, where p; # 0 occurs at the ith
position of p and ¢; # 0 at the jth position of q. The term first
order based on < [123], or highest order smallest-suffix order
[42], is such an example which determines the order <j;(r) on
P by comparing first p; and g; w.rt. <, i.e.,

P <m(r) 4 [pi <r gjor (pi =gjandi > j)].

Another possible one is the index first order based on <1, which
defines <p7(7) on P by comparing first the indexes i and j, i.e.,

P<mry g [i>jor(i=jandp; <7 q;)].

For 2-tuples of 2-D power products, if < is chosen to be the
total degree lexicographic order, the term first order based on
<r gives

[0 1] <arery [10] <arery [0 21] <arery [21 0] <as(ry

[0 72] <M (T) [22 0] <M(T) [0 Zl] <M(T) [‘1 0] <]\,[(T)

[0 2122] <ar(ry [2122 0] <ar(r) -

while the index first order based on < gives
[01] <arery [0 21] <arery [0 22] <arery [0 28] <arer)

[0 z122] <arery -+ <arry [10] <arery [21 0] <M(T)
[22 0] <arery [21 0] <nrcry [2122 0] <arry -

For a chosen admissible order <,/ 7y, any nonzero
f € K"[z] can be uniquely expressed as

f= Zcf(f,m -p;, cf(f,p;) € K\ {0},

P; € P,py <arery P2 <amr(ry - (17)

<m(T) Po-

where cf(f,p,) denotes the coefficient of p; in f [42], [123].
Define also the following notations w.r.t. the chosen order:

lppt(f) leading power product tuple of f,i.e., p,;

lpp(f)  leading power product of f, i.e., the nonzero
component of p_;

lef(f) leading coefficient of f, i.e., cf(f,p,);

15(f) leading term of f, i.e., Icf(f) - Ipp(f);

hp(f) head position of f, i.e., if the nonzero component

of p,. occurs at the kth position, then hp(f) = k.

Let f,g,h € K"[z], g # 0. Then, the reduction relation
f —g is defined as

f —4¢ h < (Jv,v power product) [cf (f,v - Ippt(g)) # 0

_ ¢ cf(f,v-1ppt(g))

Let F C K" [z]. Then, h is a reduction of f modulo F, denoted
by f —F h, iff there exists g € F such that f —4 h. Further, h
is said to be in normal form (or, in reduced form, or a remainder)
modulo F iff there is no A’ € K"[z] such that h —r h'. Then,
h is a normal form of f modulo F' iff there is a sequence of
reductions such that
f=ko—rki—rky—p- - —pks=h

and b is in normal form modulo F'. Furthermore, let NF be an
algorithmic function that, for each F' and f, produces an h that
is a normal form of f modulo F,i.e., NF(F, f) =

Definition 7: A finite subset G of K"[z] is a Grobner basis
of Module(G) (w.r.t. the order chosen) iff any f € K" [z] has
a unique normal form modulo G or, equivalently, for any f €
Module(G), NF(G, f) = 0. In addition, G is called a reduced
Grobner basis iff, for all g € G, lcf(g) = 1 and g is in normal
form modulo (G — {g}).

The notion of S-polynomial and the related properties can
also be generalized [42], [79], [123].

The S-polynomial of f,, f, € K"[z], is defined by

f f1 , B

sp(fy, f={ D ERE et ) <ol
otherwise

where wu; and ws are monomials such that

lem(Ipp(£1),1pp(f2)) = u1 - 1pp(f1) = u2 - Ipp(fy).

Theorem 3 [42], [123]: A finite subset G = {g;,...,9,} of
K"[z] is a Grobner basis iff, forall g;,9, € G, 1 <i < j <s,
NF(C. Sp(g:.g)) = 0

Similar to the polynomial case, constructive algorithms can
be established to test whether a given F' C K" [z] is a Grobner
basis, and, if it is not, to calculate the Grobner basis G of F'.
See, e.g., [42], [123] for the related details as well as the solution
problem of (16). In the following, we shall concentrate on the
important topic of the construction of a basis of Syz(F') using
Grobner bases.

First, we have the following result for a basis of the syzygy
module for a Grobner basis [42], [123], [142].

Let G = {g;,...,9,} be a Grobner basis. For all g,,9;,
1 <i<j<s,letug,vij, ki, ,k$; € K|[z] be such that
= uijg; +vij9; = kijg1 +- (19)

Sp(9;,9;) ~+ k9,

where k}j,...,kfj are extracted from the reduction of

Sp(g;,9;) to 0. Then

[]g.l, e

{uije; + vije; — [kl k] 11 <i<j<s}  (20)

is a basis of Syz(G), where e; = [0--- 1 - - 0] with only the ith
entry being 1.
Denote the subsets {g,,-..,9.} and {f,..., f,.} of K"[z]

in the form of vector of r-tuples of polynomials, i.e., G 2
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T
(o7 +97)" € K7 and F = [f] - f1] € K™, Let
G be a Grobner basis for F' with Module(G) = Module(F).
By reducing the f,’s to 0 modulo G and collecting the mul-

tiples of the gj’s used in the reduction, we can obtain a matrix
Y € K™*%[z] such that

F=YG 1)

while, by collecting the multiples of f;’s when constructing the
Grobner basis G from F', we can obtain a matrix X € KX [z]
such that

G=XF. (22)

Moreover, let the rows of S be a basis of Syz(G) obtained in
(20). Then, it can be shown that the rows of the following matrix
Q is a basis of Syz(F') [42], [123], [142]:

Im—YX]. 23)

Q:{ SX

The following example is taken and adapted from [1].
Example 4: Let f| = [20 21 + 20 + 223], f3 = [22 21 — 20],
and f; = [z 21 + 2?] with the index first order (based on the
total degree lexicographic order <r).
fii=1,2,3, can be expressed as
f1=[021]+[02] +2[02]] + [22 0]
fo=1021] = [0 2] + [22 O]
f3=[021]+ [0 27] + [22 0]

and thus we have lppt(f;) = [22 0], Ipp(f;) = 22, lct(f;) = 1,
1t(f;) = 22, and hp(f;) = 1,4 = 1, 2, 3. Further, as

Sp(f1, fa)=fi— fa= [0 2z9 + 22%]

is already in normal form, we introduce the monic version of it,

iie., f4 2 [0 22 + 22] to have the new set { £, fo, fa, £, }. Itis
easy to see that

fl _>.f3 [022"_’2%] (Zfl_f?)) _)f4 07
fg —f, —[0224‘2%] (:fz_.f:s) —f, 0.

Thus, we can remove f, f, to have just the set { f5, f,}. Since

hp(f,) = 2 is different from hp(f;) = 1, Sp(f5,f4) = 0,
that is, we have obtained the reduced Grébner basis {f5, f4}

for Module(fy, fy, f3)-

Next, consider the problem of finding a basis for
Syz(fy, f2, f3). Let ng = f4 90 = f3 and de-
fine F = [fIf2f5] and ¢ = [¢7 gg]T. Then, as

Sp(gl792) = gl - 92, we haVe that Uiz = ]{/‘%2 = 1,
v12 = k2?5 = —1, and the basis of Syz(Q) is

{ur2[1 0] + 012[0 1] = [kip k] = [00]}

which leads to S = [0 0]. Also, it is easy to construct the rela-
tions G = XF and F' = Y G with

Then, by (23), we can obtain a 4 x 3 matrix ) which has in fact
only one nonzero row: [1 1 —2] This gives a basis for Syz(F'),
and it is ready to verify that [1 1 — 2]F = 0.

With the above tutorial of Grobner bases, we are now ready to
review the applications of Grobner bases in signals and systems.
We begin in the next section with a reasonably detailed review
of applications of Grobner bases in n-D polynomial matrices
in relation to several fundamental issues in n-D systems theory,
which has diverse applications in various engineering problems
including circuits, control, signals, and systems [9], [12].

III. APPLICATIONS OF GROBNER BASES IN MULTIVARIATE
POLYNOMIAL MATRICES

The method of Grobner bases has been used as a main com-
putational tool in various problems arising in n-D signals and
systems over not only n-D polynomials but also Laurent rings
[98]. The topics we review in some detail in this section are the
primeness of n-D polynomial matrices, n-D unimodular poly-
nomial matrix completion, and factorizations for n-D polyno-
mial matrices. The reason for focusing on n-D polynomial ma-
trices is motivated by the fact that many n-D linear systems and
various problems in circuits, control, systems, and signal pro-
cessing can be described by n-D polynomial and matrix-frac-
tion description of rational matrices with polynomial matrices.
Following the classical approach of Youla and coworkers [140],
[141], we adopt the language of polynomials as much as pos-
sible and use only a minimum of modern abstract algebra.

A. Primeness of n-D Polynomial Matrices

We first recall the following definition [126], [140].

Definition 8: Let F € R**™ with £ < m and be of full rank.
Then F' is said to be:

1) zero left prime (ZLP) if all the £ x £ minors of F’ generate
the unit ideal R;

2) minor left prime (MLP) if all of the ¢ x ¢ minors of F'
are relatively prime or coprime, i.e., the g.c.d. of all of
the ¢/ x ¢ minors of F', denoted by d(F), is a nonzero
constant;

3) factor left prime (FLP) if in any polynomial matrix fac-
torization F' = (G F} in which GG is a square matrix,
(31 is necessarily a unimodular matrix, i.e., det G is a
nonzero constant in K.

Zero right prime (ZRP) and minor right prime (MRP), etc.,
can be similarly defined for matrices F' € R**™ with £ > m.
For convenience of exposition, throughout the paper, we assume
that / < m and only consider ZLP, MLP, and FLP. Moreover,
due to space limitation, we only consider the case where F' if of
full row rank. For the case where F' is not of full row rank, see
[64] and [125].

Note that ZLLP = MLP = FLP. When n > 3, these three
concepts are pairwise different; when n = 2, ZLP is not equiva-
lent to MLP, but MLP is the same as FLP; when n = 1, all three
concepts coincide [140].

Note also that, in n-D signals and systems, it is often required
to know whether two n-D polynomial matrices A € R**‘ and
B € R™" are zero left coprime (ZLC), etc. This can be easily
done by testing whether their associated matrix F' = [A B] is
ZLP, etc.
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When K is an algebraically closed field such as the field of
complex numbers C, F'is ZLP iff all the £ x £ minors of F' have
no common zeros in K.

Now, we explore the application of Grobner bases to the de-
termination of various types of primeness of a given n-D poly-
nomial matrix F'.

Let ay,...,ag denote the £ x £ minors of the matrix F' €
R™>™ where 8 = ("}) = (m!/(m — £)!¢!). For F to be ZLP,
a condition equivalent to that in Definition 8-1) is the existence
of er,...,eg € I such that

8

Zeiai =1

i=1

(24)

that is, the multiplicative identity 1 is contained in the ideal
formed by the polynomials a1, ..., ag. Using the membership
property of Grobner bases, we can easily determine whether
(24) holds by simply calculating the Grobner basis of the ideal
formed by polynomials ay, ..., ag and then checking whether
this Grobner basis contains the unit 1. If the answer is yes, F' is
ZLP. Otherwise, F' is not ZLP.

For F to be MLP, a condition equivalent to that in Def-
inition 8-2) is that, for each k, & = 1,2,...,n, there exist
€lk,---,€8k € R such that

8

Z ei ki = (2 \ 21),

=1

k=1,2,....n. (25

Again, this MLP property can be tested by using Grobner bases.
To do this, foreach k, k = 1,2, ..., n, obtain the Grobner basis
of the ideal formed by the polynomials ay, ..., ag using lexico-
graphic ordering, z; <t 2, Vt # k, and then check whether this
Grobner basis contains at least one element that is independent
of zy,i.e., ¥ (z\ z;). If the answer is yes forall k = 1,2, . ..
F is MLP. Otherwise, F' is not MLP.

The next illustrative exam[ple is taken and adapted from [12].

7”7

Example 5: Let F(z) = lez +1 ; z_l 1 17 . The
2 2122 -1 —z

objective here is to determine whether F' is MLP. The set M of
all 2 x 2 minors of F' are

a1(z) =222 f -1
ax(z) =
a3(z) = — z122 + 21 + 1.

— Z%ZQ — Z1 — %2
Using the lexicographic order zo <7 z1, the Grobner basis G 1
of Ideal(M) is calculated to be

G = {zg’—Zz%—l—Szg—1,z§—22—|—2+z1}.

Alternatively, using the lexicographic order z1 <r 22, the

Grobner basis G of Ideal(M) is calculated to be
ég = {zi‘—f—Zz%—i—zl +17z%+2z1 —f—zz}.

Thus, the polynomial v1(z \ z1) is (25 — 222 + 325 — 1) and,
similarly, the polynomial 15(z \ 22) is (23 4+ 222 4+ 21 +1). In

addition, by keeping track of how each element of Gii=1,2
is generated, the following relations are obtained:

224222+ 214+1=(0)ay(z) —z102(2)
+ (21 +1) as(z)
25 —2254+329—1=(0)ay(z) — (22— 1)%az(2)
+ (zlzg—zle—}—ZzQ—l) as(z). (27)

(26)

Since n = 2 in this example, it is then clear from (25)—(27) that
F is MLP.

The determination of whether a given n-D polynomial matrix
Fis ZLP or MLP can also be formulated as the solvability prob-
lems of certain polynomial matrix equations. It has been known
[140] that F is ZLP iff there exists X € R™*! such that

FX =1, (28)
and that F' is MLP iff there exist Xj, € R™** and 9 (z \ 2)
such that

FXy = ¢i(z\ z) 10,

The solvability of (28) and (29) can be easily reduced to the
corresponding submodule membership problems and thus can
be solved effectively by using Grobner bases of modules over a
polynomial ring described in Section II. Moreover, if the equa-
tions are solvable, it is also easy to construct the corresponding
solutions, which are required in some applications, by using
Grobner bases of modules. See, e.g., [12] and [135] for more
details on this topic.

The determination of whether a given n-D polynomial ma-
trix F' is FLP or not turns out to be much more difficult, either
by conventional methods or by Grobner bases. This was high-
lighted as one of the most important problems in 7-D systems
theory by Youla and Gnavi in [140]. A partial solution to this
open problem, as well as to the related problem of factor prime
factorizations, has recently been proposed by Wang in [127],
using Grobner bases. We will review this topic in Section III-C.

More detailed discussions on the primeness of n-D polyno-
mial matrices can be found in [12], [39], [130], [143], and [144].

k=1,...,n. (29)

B. Completion of n-D Unimodular Polynomial Matrices

As Youla and Pickel rightly pointed out in [141], “some of the
most impressive accomplishments in circuits and systems have
been obtained by an in-depth exploitation of the properties of el-
ementary polynomial matrices. Algorithms for the construction
of such matrices are, therefore, of both theoretical and practical
importance.” In fact, one of the most important results in mathe-
matics in the second half of the 20th century, the Quillen—Suslin
theorem [57], [58], [104], [118], is closely related to the com-
pletion of a nonsquare n-D unimodular polynomial matrix into
a square one. Note that Youla and Pickel referred to a square
unimodular matrix as an elementary matrix in [141]. However,
since the term “elementary matrix” is commonly reserved for a
matrix associated with an elementary operation, we stick to the
term “unimodular matrix” instead of “elementary matrix” in this

paper.
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The original Quillen—Suslin theorem was a nonconstructive
solution to the famous Serre’s problem (often referred to as
Serre’s Conjecture) on whether or not projective modules over
polynomial rings are free (see the recent book on this subject by
Lam [58]). The Quillen—Suslin theorem was proved construc-
tively by Logar and Sturmfels [71] in 1992, Park and Woodburn
[93] in 1995, using Grobner bases, and more recently, by Lom-
bardia and Yengui [72]. In [141], Youla and Pickel gave an ele-
mentary proof (constructive in most parts) of the Quillen-Suslin
theorem, using mostly the language of polynomials. Since the
n-D unimodular matrix completion problem is fundamental to
n-D signals and systems, we briefly review the elementary ap-
proach to this problem by Youla and Pickel [141] and adopt
the Grobner bases methodology whenever possible. For conve-
nience of exposition, in this subsection, we assume the coeffi-
cient field to be the field of complex numbers C.

In [140] and [141], it was shown that an n-D polynomial ma-
trix could be completed into a (square) unimodular polynomial

matrix iff a unimodular row vector F' = [f1,..., fim] € C™[z]
could be completed into a unimodular matrix. A necessary con-
dition is that fy, ..., f,, are zero coprime, and this is assumed
in the following.
By Grobner bases, we can construct eq,...,eg € C|z] such
that
m
D eifi=1. (30)
i=1

Furthermore, it may be assumed that both e; and e are nonzero
polynomials; otherwise, a simple technique (see [141]) can be
applied to make both e; and es nonzero polynomials. The next
step is to ensure that both f; and e; are monic polynomials in
Zn. A very important result from the resultant theory shows that,
with some simple preparations if necessary (see [141]), there
exist di,d2 € C[z], such that

daer — diea = q, (31)
where ¢ € C|z1,...,2,-1] and does not vanish for any pre-
scribed (n — 1)-tuple (¢q, o, . .., cp—1) of constants. Note that

d; and ds in (31) can be obtained by using Grobner bases. Once
d1 and ds are constructed as in (31), the next step is to construct
L € C™*™]z] such that
FL=11,0,...,0] (32)
where det L = ¢. With simple manipulation, F' can be row-bor-
dered up into a matrix B € C™*™[z] such that det B = ¢™ 2.
The next important step is to exploit the properties of ¢ above
and Hilbert’s finite-basis theorem [33] by defining the set of
admissible determinant functions D[z1,. .., z,—1](F') for the
given ZLP row vector F. Specifically, g € Clz1,...,2n-1] is
said to be an admissible determinant function for F' and to be-
long to D[z1, ..., 2zn—1](F) if some m X m polynomial matrix
B includes F in its first row and is such that det B = ¢* for
some nonnegative integer ¢. By constructing appropriate poly-
nomials g1, go, ... ,
I = {g1}, 1o = {g1,92},... with Iy C I, C ..., it fol-
lows from Hilbert’s finite-basis theorem [33] that the strictly

ascending chain of the ideals must end after a finite number of
steps p and the admissible determinant functions g1, g2, ..., gp
are zero coprime, that is, D|[z1, ..., z,—1](F') contains an ideal
that has the unit 1.

The final step in the proof of the Quillen—Suslin theorem by
the approach of Youla and Pickel [141] is to show that the set
DIz, ..., 2n—1|(F) of admissible determinant functions is it-
self an ideal in C|z1, ..., 2zn—1]. The proof is constructive but
is a rather long one and hence is omitted here. We refer the
reader to [141] for more details. However, in our opinion, the
constructive steps adopted by Youla and Pickel in showing that
Diz1,...,2,—1](F) is an ideal do not lead to the construction
of a unimodular matrix row-bordering F' since only the exis-
tence of such a unimodular matrix was established in [141]. It is
probably for this reason that only the work in [71] and [92] (and,
more recently, [72]) are considered to be constructive proofs for
the Quillen—Suslin theorem in the literature [58], [64]. Since the
constructive proofs in [71], [72], and [92] are quite lengthy, we
skip the descriptions here due to space limitation. The interested
reader can refer to [71], [72], and [92] for more details.

It should be pointed out that Park proposed a very simple
technique for the n-D unimodular polynomial matrix comple-
tion problem by computing a globally minimal set of generators
for a syzygy module using Grobner bases [92]. The technique is
simple and computationally quite efficient but heuristic. It is not
a constructive proof of the Serre conjecture since it does not al-
ways produce a globally minimal set of generators for a syzygy
module even by using Grobner bases.

C. Prime Factorizations of n-D Polynomial Matrices

The next important topic to be reviewed is the prime factor-
ization of an n-D (n > 2) polynomial matrix. Note that the
prime factorization problem for the 2-D case has been com-
pletely solved over two decades ago [12], [45], [140]. There are
various types of prime factorization schemes corresponding to
the different types of primeness discussed in Section III-A, and
the three most common ones are defined below.

Definition 9: Let F € R and assume that ' = G F}
with G € R¢, and I, € R™™. We say that:

1) F admits a ZLP factorization if F; is ZLP;
2) F admits a MLP factorization if F} is MLP;
3) F admits a FLP factorization if I is FLP.

We recall a useful concept introduced in [62] and [115].

Definition 10: [62], [115] Let F € R®™ and ai,...,ag
be the ¢ X ¢ minors of the matrix F'. Extracting the g.c.d. d of
ai,...,ag gives

a,;:dbi, iZl,...

B (33)

Then, by, ..., bs are called the generating set [62] or reduced
minors [115] of F'.

The following conjectures were raised in [64] (also see [63]).

Conjecture 1: [64] Let F € R ™. 1f by, ..., bg are zero co-
prime, there exists £/ € R(™~)*™ such that U = [FT ET]T €
R™ ™ with det U = d.

Conjecture 2: [63], [64] Let FF € R>™ . If by,...,bg are
zero coprime, F' can be factored as F' = G F}, for some F; €
R™>™ G € R with det G1 = d.
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The above conjectures, shown to be equivalent in [64],
have drawn some attention from both the mathematics and
engineering communities. In particular, Conjecture 1 can be
considered as a kind of generalization of Serre’s Conjecture
(see [58] for more details on a comprehensive discussion on
the development of Serre’s Conjecture and related issues).
Conjecture 2 is just the ZLP factorization problem defined in
Definition 9 and has been proved to be true by Pommaret [102],
Srinivas [117], Wang and Feng [125], and partially by Park
[97] using different approaches. We briefly quote the following
result from [102] and [125].

Theorem 4: [102], [125] Let F € R“™, d = d(F), and
by, - -, b be the reduced minors. Then the following statements
are equivalent.

1) by,---,bg generate the unit ideal R.

2) There exist polynomial matrices G; € R**‘ and Fy €
R™ such that F = G4 F; with det G; = d and F}
being ZLP.

Moreover, some interesting properties concerning ZLP fac-
torizations in [125] and two related definitions in [126] are also
recalled here.

Definition 11: [126] Let M be an R-module. The tor-
sion submodule of M is defined as Torsion(M) = {u €
M|3a € R,au = 0,a # 0}. M is said to be torsion-free if
Torsion(M) = 0.

Definition 12: [126] Let N be a submodule of R™, and a €
R.We define N : a = {g € R™|ag € N}.

Theorem 5: [125] Let F € R™™, d = d(F). If F admits
a ZLP factorization F = G1F) with G; € R*! det Gy = d
and F; € R™ being ZLP, then the following is true:

1) p(Fy) = p(F) : dis afree R-module of rank ¢;

2) Torsion(R™/p(F)) = p(F1)/p(F);

3) R™/p(Fy) is afree R-module, where p(F') denotes the
submodule generated by all of the row vectors of F'.

As for the existence of MLP factorization for 7-D polynomial
matrices, we recall the following recent result [126].

Theorem 6: [126] Let F € R**™ and d = d(F). Then, the
following conditions are equivalent.

1) p(F) : dis a free module of rank /.

2) there exist polynomial matrices F; € R**™ and G, €
R guch that F = G1F, with det G; = d and F
being MLP.

Moreover, some interesting properties concerning MLP fac-
torizations given in [126] are recalled here.

Theorem 7: [126] Let F € R®*™, d = d(F). If F admits an
MLP factorization F' = G1F; with G; € R*¢, det Gy = d,
and Fy € R*™ being MLP, then the following is true:

1) p(Fy) = p(F) : dis afree R-module of rank ¢;

2) Torsion(R™ /p(F1)) = p(F1)/p(F):

3) R™/p(F}y) is a torsion-free R-module.

Remark 1: Note the similarity and difference between ZLP
and MLP factorizations. For both ZLP and MLP factorizations,
we have that p(F') : d is a free R-module of rank ¢. For ZLP fac-
torizations, R™/p(F}) is a free R-module. However, for MLP
factorizations, R™ /p(F}) is only a torsion-free R-module, but
not a free R-module.

Remark 2: Another difference between ZLP and MLP factor-
izability is that the existence of ZLP factorization is completely

characterized by the reduced minors of the matrix under consid-
eration while there does not appear to have a similar character-
ization of MLP factorizability in terms of the reduced minors.
A sufficient (but not necessary) condition for the MLP factor-
izability is that the reduced minors by, ---,bg, and d together
generate the unit ideal R.

To carry out the actual ZLP and MLP factorizations by
Theorems 6 and 7, respectively, one would need to obtain the
R-module p(F) : d. Given a general full-row-rank matrix
F € R®™ and d = d(F), it seems that there is currently no
algorithm available for constructing the required R-module
p(F) : d. For this reason, Theorems 6 and 7 may only be
considered as a proof for the existence of ZLP and MLP factor-
izations, rather than as constructive methods for carrying out
the actual factorizations. Constructive algorithms for carrying
out the ZLP and MLP factorizations for special classes of n-D
polynomial matrices were presented in [10], [24], [63], [67],
and [69]. A more general factorization algorithm applicable
to both ZLP and MLP factorizations due to Wang and Kwong
[126] is briefly described in the following.

Algorithm 1: [126] Let F € R*™ with d = d(F). Complete
the following algorithm.

Step 1) Use Grobner bases to compute a system of generators
for Syz([FT — dI,]").

Step 2) If the number of elements in the system of generators
cannot be reduced to ¢, exit.

Step 3) Partition the ¢ x (£ 4+ m) matrix that generates the
syzygy module as [G; F}], where G; € R*¢ and
F, € Rtxm,

Step 4) Make G F; the required ZLP or MLP factorization
for F, where Gy = (dG7') € R,

Note that, in step 4) of the above algorithm, F; is ZLP if the
reduced minors are zero coprime. Otherwise, F} is only MLP. It
is also important to point out that presently there is no algorithm
that guarantees the construction of ¢ elements for generating
the above syzygy module, even by the Grobner bases. Hence,
the problem of ZLP and MLP factorizations for n-D (n > 2)
polynomial matrices has not yet been fully resolved, at least
from the point of view of constructive computations.

The following illustrative example is adopted and modified
from [126].

Example 6: Let

2222 -1
—2%23 — 21

212223 0
2

F =
z%z% + 23 —=23

€ C[Zl, 22,23]2X3.

All of the 2 x 2-minors are computed as follows:

a) = — legzg
as = — Z%Z%Z‘g — Z3

2.2
a3 = 2123 + 23.

Thus, d = d(F) = z3, and the reduced minors have no
common zeros in C?.
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Let s; be the ith row of [FT — z315]",i = 1,...,5. We list
8; as follows:

81 = [z1z323,0, —2222 — 1]

8y = [zfz% + z3, —23, —zi‘z;), — zl]
83 = [_237 07 0]
84 = [07 —Z3, 0]
85 = [07 07 _23]'
Now we compute a syzygy module of 81, - - -, 85 under the

default module term ordering (DegRevlex and ToPos) using
CoCoA [30]. It has the following three generators:
fl = [07 23 Z%Z:% + 23, — 23, _Z%ZS - zl]
f2 = [23, —21252’3, —Z%Z%Z?ﬂ 2’12’%2}3, Z%Z%Zg - 1]
fo=[r1,—2125 — 1, —2{232s — 2323 — 1, 2723 + 1,

Let M be the module generated by f,,f,, fs;. Using a
CoCoA command “Minimalized(M),” we find that M has
only two generators f, and f4 given above (i.e., f; is removed).
Hence, by Theorem 7, we can obtain a factorization of F' as
follows.

2
z —2125%
Let G = [ 3 2 ] Because of det G/ = —zs,
z1 —ziz5 —1
we set f; = —f, and thus we have that f,, f5 is a globally
minimal generating system.
2
z —2125%
Let G; = 3 L7273 Thus, we have that Gy =
—z1 z2iz5+1
2,2 3
_ 2125 +1 21252 .
dGllz[lz_i— 12?’],wnhdetGo:zg,.
1
Let
Fo— —232322 212323 2i2223 — 1 and
V7 B2+ 1 2222 -1 2222 - 23|
then F' = GoFl.

Finally, since the reduced minors of F' are zero coprime, the
above factorization F' = G F} is a ZLP factorization.

It should be pointed out that very recently Quadrat and
coworkers have made considerable efforts in developing inter-
esting constructive methods for the ZLP factorization problem
for n-D polynomial matrices and related problems in n-D
control systems using the sophisticated tool of module theory
and Grobner bases [35], [36]. We refer the reader to [35] and
[36] for more details.

The next important topic is the FLP factorization problem.
This is a harder and more challenging open problem mentioned
in [9], [54], and [140]. This problem is in fact related to the
ZLP and MLP factorization problems discussed earlier and are
closely related to the so-called general n-D polynomial matrix
factorization problem stated below [67], [127].

Definition 13: [67],[127] Let F € R®*™ and f be a divisor
of d(F'), that is, a; = fb;, where a1, ...,ag are all of the £ x
{-minors of F',and b; € R,i = 1,..., [ (not necessarily factor
coprime). We say that F' admits a matrix factorization w.r.t. f

if F' can be factorized as
F =G F; (34)

such that F; € R®*™, G1 € R®¢, with det G; = f.

To the best of our knowledge, Lin et al. [67] were the first to
attack this general n-D polynomial matrix factorization problem
and to obtain some interesting results on the factorization of
several special classes of n-D polynomial matrices. Motivated
by the work of Lin et al. [67] and based on his recent work in
[125] and [126], Wang recently proposed another scheme for
solving the above n-D polynomial matrix factorization problem
for a bigger class of n-D polynomial matrices [127]. Further-
more, Wang’s method is also applicable to the FLP factoriza-
tion problem and hence is described briefly in the following.
Note that Grobner bases and the Quillen-Suslin theorem were
exploited in both [67] and [127].

We first recall a necessary definition [127].

Definition 14: [127] Let F € R™™,d = d(F), and f €
R. f is said to be regular w.r.t. F iff d([fI, F]) = f up to
multiplication by a nonzero constant.

Since d = d(F), for a given f to be regular w.r.t. F, f can
only be a divisor of d. To test whether f is regular, we can easily
apply Grobner bases to extract the g.c.d. of the maximal minors
of the matrix [fI, F].

Theorem 8: [127] Let F € R™™,d = d(F), and f be
regular w.r.t. F'. The following are equivalent.

1) F canbe factorized as F = G4 F} such that G; € R¢*¢,
Fi € RY™ with det G; = f.
2) p(F) : fis afree R-module of rank /.

The above theorem gives a necessary and sufficient condition
for the existence of general n-D polynomial matrix factoriza-
tions for a class of n-D polynomial matrices, i.e., in the case
where f is regular w.r.t. F.

To address the FLP factorization problem, we need the fol-
lowing notation from [127]. Let h,g € R, if thereisar € R
with degr > 1 such that h = gr, and then h is called a proper
multiple of g. For g € R, F € R®™, and d = d(F), set
M(g) = {Vf € R such that g|f and f| d(F)}.

The following important theorem of [127] is recalled here.

Theorem 9: [127] Let F € R™™ and g € R be adivisor of
d(F). Assume that, for each f € M(g), f is regular w.r.t. F.
Then the following conditions are equivalent.

1) F has an FLP factorization w.r.t. g.
2) p(F) : gis free, and p(F') : h is not free for any h €
M (g) which is a proper multiple of g.

Theorem 9 gives a partial solution to the FLP factorization
problem. Note that this theorem turns out to be quite similar to
Theorem 6. Hence, Algorithm 1 can also be used for the com-
putation of FLP factorization with the replacement of d in Al-
gorithm 1 with g here. The details are hence omitted.

IV. APPLICATIONS OF GROBNER BASES IN OTHER AREAS OF
MULTIDIMENSIONAL SIGNALS AND SYSTEMS

In the previous section, we gave a reasonably detailed review
of several fundamental theoretical issues that occur in the use
of Grobner bases in multidimensional signals and systems. This
section considers several other important areas of multidimen-
sional signals and systems. Due to the wide range of applications
of Grobner bases in these areas and the limited space available
here, the review has to be brief, but we do hope that the impact
and scope of Grobner bases in these areas will motivate further
research.
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1) n-D Control System Analysis, Synthesis, and Realization:
As far as we are aware, the earliest application of Grobner bases
to n-D systems is in the area of feedback stabilizability and sta-
bilization of 2-D systems by Guiver and Bose [46], followed by
other results on the subject in the later half of the 1980s [7], [38].
The main reason why Grobner bases could be successfully ap-
plied in feedback stabilizability and stabilization of 2-D systems
is that the problem can be reduced to the finding of a solution to a
linear Diophantine equation in the ring of 2-D polynomials. Re-
search activities in this direction continued into the 1990s with
new methods developed for directly solving the strong stabi-
lizability of n-D systems by Ying et al. [139], for the problem
of stabilizability and stabilization of multi-input multi-output
(MIMO) 2-D systems using Grobner bases of modules by Xu
et al. [135], and for special classes of MIMO n-D (n > 2)
systems using Grobner bases [66], [81], [134]. Very recently,
Quadrat has solved the open problem of stabilizability and sta-
bilization for a general MIMO n-D (n > 2) system using a
lattice approach [103].

For n-D systems representation and realization, Grobner
bases have been applied as a tool for obtaining canonical
state-space representation and absolutely minimal state-space
realization [87], [136].

For n-D nonlinear control systems, Grobner bases have also
found good applications due to its power in solving polynomial
systems in several variables like the one given in (1). See [13],
[40], [82], [83], [100], and for more details.

For other n-D control system analysis and synthesis prob-
lems where Grobner bases have played an important role such
as tracking control, disturbance rejection, and observer design,
see [137] and and the references therein.

2) Behavioral and Module Theory for n-D Systems: In
his seminal paper [85], Oberst demonstrated how some fun-
damental problems of behavioral n-D systems theory can be
reduced to the construction of Grobner bases. In particular, a
duality theorem has been established which links n-D linear
systems with finitely generated modules over n-D polynomial
algebra [85]. Consequently, “Grobner bases are invaluable for
almost any non-trivial constructive exercise (in behavioral n-D
system theory)”, as remarked by Pillai ef al. in [101] (see also
[132]). In the last decade or so, there are considerable research
efforts on this area, and some of the related papers are listed
here [41], [86], [87], [131], [145], [146].

3) n-D Wavelets, Filter Banks, and Filters: It is no doubt that
the analysis and design of n-D wavelets, filter banks, and filters
is a very important area in n-D signal processing and commu-
nications. An effective way to describe an n-D filter bank is to
represent it with an n-D (Laurent) polynomial matrix for the FIR
case and with an n-D rational matrix for the IIR case. Because
of its obvious advantage in the manipulation of n-D polynomial
and rational matrices, the theory of Grobner bases has found in-
creasing applications in n-D wavelets, filter banks, and filters
since the early 1990s; see, e.g., [3], [4], [37], and [94]-[96]. For
a survey in this area up to 2004, see [68] and [98]. Continued in-
terests in recent years include the optimal construction of com-
pactly supported n-D wavelets [99] and the 2-D antisymmetric
linear phase filter bank construction using symmetric comple-
tion [147]. In n-D digital filters, it has been shown that the sta-

bility test and stability margin computation problems can be for-
mulated in a unified way as a system of algebraic equations char-
acterized by n + 1 polynomials in n + 1 variables, which can
be solved using the Grobner bases approach [25], [32].

4) n-D Coding and Deconvolution: Applications of Grobner
bases to n-D coding has a long history dating back to early 1990
(see, for example, [111] and [112]). As n-D coding involves n-D
polynomial matrices, Grobner bases theory is a powerful tool
for this challenging area (see [128] for a detailed discussion).
Recent work in this area can be found in [26] and [27], and we
hope to see more work along this direction in the near future.
n-D multichannel deconvolution has many applications such
as channel equalization for multiple antennas, multichannel
image deconvolution, and polarimetric calibration of radars.
Traditional method for the n-D multichannel FIR deconvolution
is based on numerical linear algebra. Recently, Grobner bases
have been successfully applied to solving this problem, and a
complete characterization of all exact deconvolution FIR filters
is available [148]. Note that the authors of [148] are apparently
unaware of the Rabinowitsch trick, used before in 7-D systems
theory [135] (see, for example, [148, proof of Theorem 2]). This
shows the usefulness and importance of putting together here
major papers applying Grobner bases to different areas.

V. APPLICATIONS OF GROBNER BASES IN
1-D SIGNALS AND SYSTEMS

The applications of Grobner bases are not restricted to n-D
signals and systems. In fact, there are many applications of
Grobner bases in diverse areas in 1-D signals and systems. In
this section, we give a brief review of these applications and
refer the reader to the cited references for more details.

1) Control and Systems: Grobner bases have been success-
fully applied in various areas of control and systems in the past
decades. One application is the analytic characterization and op-
timal minimax control solution using rate feedback reported in
[11] and more recently in [28]. Another application is the com-
putation of switching surfaces in optimal control [124]. Finding
an optimal solution to the Lo control system approximation
problem is yet another application [47]. In [48], Helton et al.
considered the rather general issue of computer simplification
of formulas in linear systems theory, using a noncommutative
version of the Grobner basis algorithm. The topics covered in
[48] were quite wide, including H*"f* control and Lyapunov
equations. More recent applications of Grobner bases include
the model-based fault detection in a centrifugal pump control
system [53].

2) Circuits and Networks: Applications of Grobner bases can
be found in diverse areas in circuits and networks, such as the
solution to the load-flow problem as the changes connected with
an electrical network vary [78], the algebraic representation of
error bounds for describing function applying to nonlinear cir-
cuits and systems [138], and the development of efficient sym-
bolic procedures for testability measures and ambiguity groups
determination for analog linear circuits [22].

3) Wavelets, Filter Banks, and Filters: In parallel to the
applications of Grobner bases to the analysis and design of
n-D wavelets, filter banks, and filters, Grobner bases have
also found extensive applications in the 1-D counterparts. For
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research work on this topic up to 2004, see [59], [61], [68],
[70], [75], and [113] and the references therein. In a recent
paper, Regensburger and Scherzer [105] established explicit
and not recursive, as done earlier, bijective relations between
continuous and discrete moments of scaling functions associ-
ated with orthogonal wavelets by expressing the nth continuous
moment as a polynomial (related to a class of distinguished
polynomials, called Bell polynomials) of the first n discrete
moments and vice versa. Subsequently, they parameterized the
filter coefficients in the dilation equations generating the scaling
equation and compactly supported orthonormal wavelets with
several vanishing moments, in terms of the discrete (and,
consequently, the continuous) moments. By giving up certain
vanishing moments to obtain additional degrees of freedom,
they were able to generate a parameterized solution set in con-
trast to previous methods on symbolic computation of wavelets
coefficients (which calculated a finite number of solutions)
and used algorithmic algebraic tools like Grobner bases. The
results in [105] are significant because previous approaches to
parameterization expressed the filter coefficients in terms of
trigonometric functions (and not polynomials) which required
the solving of transcendental constraints for the parameters to
find wavelets with more than one vanishing moment.

4) Signal Reconstruction and Restoration: Very recently,
Grobner bases have been applied to signal reconstruction from
multiple sets of samples with unknown offsets [121]. The exact
inversion of MIMO nonlinear polynomial mixtures that arise in
signal restoration is considered in [23].

5) Coding and Decoding: The search for theoretically better
codes, for which efficient decoding algorithms can be found,
leads to further consideration of many other codes like quasi-
cyclic codes and AG codes (where data of very high reliability
is desired by the user, like optical communication links). In al-
gebraic coding theory, Grobner bases have already been quite
extensively used to satisfy the objective stated. Unlike in other
applications considered, the field of coefficients in coding is a fi-
nite field. The history of applying Grobner bases to coding and
decoding is a long one, and there are many papers published
in this area. Here we only cite a few recent journal papers and
refer the reader to these papers for more references. In the area
of coding, see, e.g., [43], [80], [84], [88], and [89]. In the area
of decoding, see, e.g., [20], [21], [29], [60], and [76].

6) Robotics: Early application of Grobner bases in robotics
dated back to the 1990s. For example, Grobner bases were ap-
plied to solve kinematic equations arising in the analysis and
design of robots and other linkage systems [52]. More recent
applications of Grobner bases in robotics include the exact so-
lutions to the forward kinematics problem specially applied to
spatial and planar parallel manipulator in robotics [109], [110].

7) Other Applications: Grobner bases have also been applied
to many other areas, including, for example, the annihilation of
loading parameters in classical numerical methods which find
various applications in applied mechanics and engineering prob-
lems [51], the analysis of flexible link systems [120], the design
of railway interlocking system to prevent conflicting actions
[106], [108], and the checking of multivalued models which is
very useful in reasoning about the correctness of hardware, com-
munication protocols, and software requirements [133].

VI. DISCUSSIONS AND CONCLUSION

The resultant-based approach to solving a variety of prob-
lems in multidimensional signals and systems is extensively
documented [9]. However, it is beginning to be felt that Grobner
bases comprise the most powerful computational technique
in commutative algebra and its applications in circuits, con-
trol, coding, signals, and systems problems. It has also been
acknowledged that the worst-case complexity for computing
Grobner bases for polynomials in even three or four indetermi-
nates is high, but the expected (average) complexity, especially
in structured problems, may be quite acceptable. Less com-
putation-intensive algorithms for computing Grobner bases
will stimulate their applications to moderate and large-sized,
especially parameterized, problems in a large number of inde-
terminates and parameters. For such problems, a recourse now
is to reduce the number of variables by computing the resultant
of pairs of polynomials to eliminate, at each step, a variable.

A vast arena for application of Grobner bases concerns non-
convex optimization problems. For a survey of solving such
problems that can be formulated as global optimization prob-
lems with polynomial objective functions, occurring in robust
and nonlinear control, by classical and more modern methods,
see [49]. The potential for using the resources in the theory of
Grobner bases has recently been pointed out in [13], [100], and
. However, just the surface has been scratched, and further ap-
plications in diverse areas with concurrent development of more
efficient theoretical and computational tools are on the horizon.
Since the property of multivariate polynomial positivity (im-
plied by the sum-of-squares (SOS) representation but not vice
versa) is at the heart of fundamental problems like stability, ro-
bustness, and performance, there is a genuine need to supple-
ment the resources provided by tools like SOSTOOLS (Sum of
Squares Optimization Toolbox for MATLAB), LMI [14], and
SeDuMi (for optimization over symmetric cones) by those avail-
able in the algorithmic algebra of Grobner bases. Not only can
one visualize expanding domains of applications, but also si-
multaneous attention to theoretical development as well as nu-
merical issues of implementation. At present, the applications
of Grobner bases appear to be restricted to problems of small to
moderate size, and this has to be improved upon in the future
for a wider acceptance.

Challenging problems of a more mathematical nature, the so-
lution of which would impact several applications, remain to be
tackled. For example, the open problem of factor prime factor-
izations for n-D polynomial matrices has not been completely
resolved. Another example is the solution to the unimodular
completion problem when constraints are placed. For example,
multidimensional lossless filter banks are known to be charac-
terized by paraunitary matrices with multivariate polynomial
entries. However, the constructive solutions available for the
unimodular completion problem have not led to any complete
solution when the constraint of paraunitariness is imposed [95].
Only some partial solutions appear to be available [99].

Other than those areas reviewed so far in which signals and
systems engineers and researchers have no doubt played an
important role, it is worth pointing out that Grobner bases have
also found important applications in emerging areas such as
computational biology, in which signals and systems engineers
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and researchers are beginning to show interested. For example,
in the recent book [91] on algebraic statistics for computational
biology, Grobner bases were recommended as one of the
major tools in algebra for solving problems in computational
biology, such as in mutagenetic tree models for accumulative
evolutionary processes. The reader is referred to [91] for a more
detailed discussion of how Grobner bases can play a major role
in this emerging and truly interdisciplinary area.

Finally, despite all of the advantages and potentials of
Grobner bases, the reader should also be reminded of some
limitations of Grobner bases. In some worst cases, the number
of elements in a Grobner basis of a given ideal can be sig-
nificantly larger than that of another basis of the same ideal,
making a Grobner basis not very useful in applications where
a smaller number of elements is preferred in a basis. Another
limitation is that current software packages implementing
Grobner bases still cannot deal with very large problems with
symbolic coefficients, although tremendous progress has been
made recently in this direction.
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